
Nsvlt, J., and J. W. Mullin, “‘The Periodic Behavior of Con- 
tinuous Crystallizers,” Chem. Eng.  Sci., 25, 131 ( 1970). 

Randolph, A. B., and M. A. Larson, Theory of Particulate Proc- 
ess, Academic Press, N. Y. (1971). 

., G. L. Beer, and J. P. Keener, “Stability of the Class I1 
Classified Product Crystallizer with Fines Removal,” AIChE 
J. ,  19,1140 (1973). 

., and J. Beckman, “An Experimental Study of CSD 
Stability in a Potassium Chloride Crystallizer,” Paper No. 
lOOb resented at the Annual AIChE Meeting, Washington, 
D.C. fDec. 5, 1974). 

Ritter, A. B., and J. M. Douglas, “Frequency Response of Non- 
linear Systems,” Ind. Eng.  Chem. Fundamentah, 9, 121 
( 1970). 

Sherwin, M. B., R. Shinnar, and S. Katz, “Dynamic Behavior of 
the Well-Mixed Isothermal Crystallizer,” AIChE I . ,  13, 1141 
( 1967). 

., “Dynamic Behavior of the Well-Mixed Iso- 
thermal Crystallizer,” Chem. Eng.  Progr. Symposium Ser. 
No.  95,65,59 ( 1969). 

., “Dynamic Behavior of the Isothermal Well- 
Stirred Crystallizer with Classified Outlet,” ibid., p. 75. 

Yu, K. M., “Periodic Operation of Distributed Chemical Proc- 
esses,” Ph.D. thesis, Univ. Mass., Amherst (Sept., 1971). 

Manuscript received June 18, 1974: revision received February 10 
and accepted April 14 ,  1975. 

Part II. A n  Experimental Study of an Isothermal System 
An experimental study was undertaken to verify the theoretical predic- 

tions that for a certain range of operating conditions an isothermal crys- 
tallizer would produce oscillating outputs even when the inputs were 
maintained constant. An interesting feature of the results is that even 
though a power-law model and Volmer’s model for nucleation kinetics 
provided equivalent descriptions of the steady state data, predictions of 
transient responses based on Volmer’s equation were much better than the 
power-law results, and the observed behavior of the oscillating system was 
described well with Volmer’s expression, whereas the power-law equation 
predicted that the system would not oscillate. 
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SCOPE 
In  recent years there have been significant advances in 

the theories used to predict the behavior of continuous 
crystallizers. Most of these studies have been concerned 
with steady state operation of the process or transient 
behavior between two steady states. In this study, a 
laboratory-scale crystallizer was designed to produce oscil- 
latory outputs by use of the theory described in Part I of 
this paper. Only the simplest kind of continuous crystal- 
lizer was considered, that is, an isothermal, mixed-suspen- 

sion, mixed-product removal (MSMPR) unit for a Class I 
system where high degrees of supersaturation are possible. 
Even for this simple process, the predictions of the exis- 
tence of oscillatory operation are strongly dependent on 
the functional form chosen for the nucleation kinetics, that 
is, Volmer’s model or a power-law model, and theoretical 
predictions indicate that oscillatory experiments are more 
sensitive to the magnitude of kinetic parameters than are 
steady state experiments. 

CONCLUSIONS AND SIGNIFICANCE 
Self-generated oscillations around the normal, steady 

state, exponenti;ll crystal size distribution were observed 
in a laboratory NISMPn crys tallizer. The experimental 

theoretical predictions based on steady state measurements 
of the growth rate and nucleation rate kinetic parameters, 

which is a very severe test of the elementary theory. For 
the very low range of suspension densities considered in 
the study, which does not correspond to normal industrial 
operation, Volmer’s model provided an excellent descrip- 

nucleation model failed to predict the existence of oscilla. 
tions. 

values of tile oscilla‘or~ output agreed very well with tion of [lie nucleatiol~ 1<inetics, wllereas a power-law 

Even though self-generated oscillations have been ob- 
served for many years in industrial crystallizers (Miller 
and Saeman, 1947), they have seldom been encountered 
in laboratory studies (Ngvlt and Mullin, 1970). Actually, 
there are two regions where oscillatory operation can occur 
(Randolph, et al., 1974). For high-order cycling, the in- 
stability occurs because the nucleation rate decreases 
much faster than the growth rate as the supersaturation 
driving force is lowered, and the system oscillates around 
the ILISI\/IPR exponential population distribution. For low- 
order cycling, the instahilitjes are caused by fines removal, 
product classification, and secondary nucleation effects. 
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Low-order cycling is more representative of industrial 
operations, but high-order cycling should be easier to 
study in a 1:tboratory. Moreover, an experimental demon- 
stration of high-order cycling should provide additional 
verification of the simple theoretical models used to de- 
scribe crystallizers, a s  well as providing some justification 
for using the heory of nonlinear oscillations to study the 
periodic operation of crystallizers as discussed in Part I. 

In order to design a laboratory crystallizer that will 
oscillate even when the inputs are maintained constant, it 
is necessary to obtain values of the stability parameter b/g 
greater than about 12 for a Class I system (where high 
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degrees of supersaturation can be obtained) or greater 
than 21 for a Class I1 system (where only extremely small 
degrees of supersaturation are possible). I t  is common 
practice to assume that a power-law model can be used to 
describe the nucleation kinetics, and with this assumption 
the value of b/g = 111 is independent of the operating con- 
ditions. (See Appendix.) Then, since crystallization data 
taken in laboratory units designed to simulate industrial 
processes normally lead to a value of b/g of 3 or less, al- 
though one value as high as 9 has been reported, it is not 
surprising that oscillatory systems are rarely encountered 
in the laboratory. However, as is shown in Part I, if 
Volmer’s model is used to describe the nucleation kinetics 
rather than the power-law model, then the value of b/g 
depends on the operating conditions; according to Equa- 
tion ( 7 )  in Part I, it should be possible to obtain large 
values of b/g by designing the crystallizer so that the 
steady state solute concentration approaches the satura- 
tion value. In other words, an extrapolation of crystallizer 
behavior into new operating regions based on Volmer’s 
model gives different results than does one based on the 
power law model, and for this reason we should be able 
to devise a critical experiment that can be used to dis- 
tinguish between the two models, at least for certain kinds 
of systems. 

Perhaps it should be mentioned that an analogous situa- 
tion concerning the interpolative vs. extrapolative char- 
acteristics of rate equations is encountered in reaction 
kinetics. For example, Weller (1956) showed that power- 
law models fit isothermal rate data as well as do the more 
complex Langmuir-Hinshelwood (or Hougen and Watson) 
models, but the study of Lumpkin et al. (1969), demon- 
strated that nonisothermal reactor designs based on these 
models could be quite different. Thus, the fact that a 
power law model can be shown to be equivalent to Vol- 
mer’s model over a limited range of operating data, both 
theoreticallv and experimentally, does not necessarily imply 
that extrapolations based on the two models will give 
the same results. 

One other analogy that may be drawn from reaction 
kinetic studies is that a highly underdamped transient 
system or an oscillatory process is much more sensitive to 
small changes in the system parameters than is a steady 
state experiment (Baccaro, et al., 1970). Thus, a second 
purpose in attemptinq to design an oscillating crystallizer 
is to determine whether or not a simple chance in operat- 
ing conditions may be used to distinguish between the 
abilities of the power-law model and Volmer’s model to 
predict new kinds of operating behavior. 

0 > 
0 -  
c -  

10 - 

EXPERIMENTAL SYSTEM 

In order to study self-generated oscillations in a crys- 
tallizer, a laboratory experiment was designed with equip- 
ment similar to that described by Larson and co-workers 
(Murray and Larson, 1965; Larson, 1967; Randolph and 
Larson, 1971). Mixtures of sodium chloride, water, and 
ethanol were studied so that the measured crystallization 
kinetics might be compared with the results obtained by 
previous investigators (Timm and Larson, 1968; Koros, 
et al., 1972). Also, with this system the crystallizer oper- 
ates isothermally, a fact which simplifies the analysis and 
satisfies the assumptions listed in Part I. I t  should be 
noted, however, that it is not difficult to modify the 
theory to account for nonisothermal operation. 

A cylindrical Pyrex vessel, 6 in. diameter by 15 in. 
high, was used as a crystallizer. The tank contained three 
baflles and a concentric draft tube, 4 in. diameter by 6 in. 
high, placed 2 in. above the bottom of the vessel. Under 
all operating conditions the tank contained 4 liters of 
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Fig. 1. Crystal size distribution 

solution, and a propeller type of agitator was used to pro- 
vide the mixing. Some preliminary dynamic experiments 
involving the mixing of hot and cold water demonstrate 
that close-to-perfect mixing could be obtained. 

Denatured alcohol and a brine solution were metered 
and fed to the crystallizer from constant-head tanks, and 
the efIluent flow rate was adjusted until the level in the 
tank remained constant. The product crystals were filtered 
from the efIluent by use of a No. 1 filter paper; they were 
washed several times with acelone; and then they were 
allowed to dry before being placed in a set of Tyler 
stanrlard 3-in. screens having the following mesh sizes: 
20, 30, 40, 50, 60, 80, 100, 120, 140, 170, and 200. After 
shaking, each size fraction was weighed, and the resulting 
measurements were used to calculate the moments of the 
crystal size distribution function. 

EXPERIMENTAL STUDIES AND RESULTS 

The equilibrium solubilities of sodium chloride-water- 
ethanol mix’tures were measured at various temperatures, 
and the results agreed almost exactly with the values re- 
ported in the International Critical Tables. Next, a set of 
steady stale runs was carried out in order to check the 
validity of the model and to evaluate the kinetic constants 
in lhe nucleation-rate and growth-rate expressions. The 
brine concentration in these experiments was set at 0.304 g 
sodium chloride/ml; the brine to alcohol feed ratio was 
5.0; the equilibrium solubility in the tank was 0.235 g 
sodium chloride/ml; and the feed rates were adjusted to 
correspond to retention times of 1/12, 1/4, and 1/3 hr. 
Data obtained from the screen measurements are plotted 
in Figure 1; losses in the screen analyses were about 1 or 
2%. Table 1 contains a list of some of the process param- 
eters for the steady state results, as well as the dynamic 
runs discussed later. 

The data from the steady state measurements were 
used, along with Equations (9) ,  ( l ) ,  and (2) and the 
definition of E given in Part I of the paper, to calculate 
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TABLE 1. SYSTEM PARAMETERS 

Run 

1 
2 
3 
4 
5 
6 
7 

Type 

Steady state 
Steady state 
Steady state 
Transient 
Periodic 
Periodic 
Periodic 

g NaCl Brine g NaCl No. m 
co - cs ~ no - G -  

8 (hr.) ml soh. Alcohol ml soh. mm vol. hr. 

1/12 0.304 5 0.235 6.18 x 104 0.1385 
Y4 0.304 5 0.235 7.36 x 103 0.0940 
1/3 0.304 5 0.235 3.04 x 103 0.0842 

1 0.304 5 0.235 
1 0.270 5 0.235 
3h 0.304 6 0.265 

%-1/12, FROM CONDITIONS AT RUN 2 TO CONDITIONS AT RUN 1 

the kinetic constants appearing in Equations (1) and (2) .  
The values obtained were 

mm gNaCl 

crystals 
hr. mm3 

K1 = 2.478 ( hr. 1 -mT-) 

Kz  = 7.029 X 104- 

& = 0.118 

and a graph showing the fit of the data ,to Volmer‘s model, 
Equation (2) ,  is presented in Figure 2. Also, the data 
were used with Equations (A2) and (A4) in the Appen- 
dix (Figure 3) to calculate the exponent in the simple 
power-law model of the nucleation kinetics. The exponent 
we calculated from the slope of Figure 3 was 7.9; whereas 
a value of 9 was reported by Timm and Larson (1968), 
and values in the range from 0.7 to 2.0 were published by 
Koros et al. (1972). However, as may be seen from 
Figure 4, the agreement between our data and Timm and 
Larson’s is excellent. Thus, it seems as if a value of m - 8 
corresponds to primary nucleation; whereas the lower 
vahe reported by Koros, et al., includes secondary nuclea- 
tion and attrition effects. A comparison of Figures 2 and 3 
shows that both types of nucleation models fit the data 
equally well. 

Using the estimates of the kinetic parameters in Vol- 
mer’s model and the sbability diagram given as Figure 5, 

102 t 1 I I I 1 1 
0 10 20 30 40 50 60 

I 

Fig. 2. Plot of Volmer’s model. 

I 

I 

10-3 - 10-2 10-1 I 
1 mm G -  hr 

Fig. 3. Plot of power-law model. 

I om, 

10’0 - 

108- 

106 - no 

10‘ - 

I I 

G 

I 
lo-’ 10-2 10-1 I 

Fig. 4. Comparison with Larson’s power-law model. 

we could verify that our steady state experiments corre- 
sponded to results from stable systems. The stability dia- 
gram based on a power-law nucleation model is identical 
to the previous result, except that the abscissa should be 
labeled as m rather than b/g .  [See Equations (11) and 
(12) in Part I and Equation (A8) in the Appendix.] 
Since our measured value of m is unique, m = 7.9, we 
see that the power-law model predicts that the crystallizer 
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No. 
B -  

hr. vol. e g 

8.62 x 103 0.994 0.234 
7.03 x 102 0.985 0.827 
2.6 x 102 0.983 1.045 

6.0 

5.0 

4.0 

3.0 
x j  

0.980 1.620 
0.994 0.462 
0.996 0.322 

- 

- 

- 

- 

looor 
lor- Stoble 

0.1 L 

b/g  Period 

4.2 
9.2 
11.2 

19.50 4.5 B 
23.58 5.4 8 
21.40 5.5 B 

Unstoble 1 
1 
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b 4  

Fig. 5. Stability diagram. 
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Fig. 6. Transient response with Volmer’s model. 
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Fig. 7. Transient response with a power-law model. 

will always be stable and that it will never be possible to 
observe self-generated oscillations. On the contrary, Vol- 
mer’s model predicts that we can vary b/g  by changing 
the feed rate to the crystallizer. Thus, we can use these 
conflicting predictions of stability characteristics to define 
a critical experiment that will distinguish between the 
ability of the two nucleation models to predict new types 
of behavior, at least for our system. 

Before we attempted to achieve oscillatory operation 
in the crystallizer, however, we carried out a transient 
response experiment between two stable, steady state 
operating conditions by making a step change in the flow 
rate such that the retention time changed from 1/4 to 
1/12 hr. The data and our numerical predictions based on 
the two nucleation models are presented in Figures 6 and 
7. It is apparent that our ability to predict transient results 
with lcinetic constants based on steady state measurements 
is better with Volmer’s nucleation model, Figure 6, than 
with a power-law expression, Figure 7. Of course, we 
could use statistical techniques to detremine the kinetic 
constants that provide the best fit of each model to both 
the steady state and dynamic data. We did not follow this 
approach, however, because we have already been able 
to define a critical experiment that can be used to test the 
validity of the models. Instead, we showed that if the 
kinetic constants obtained from steady state measurements 
are changed & 5 % ,  the transient predictions bracket the 
experimental data. (See Figures 8 and 9.) 

In the final set of experiments we changed the operat- 
ing conditions so that our mathematical model with Vol- 
mer’s nucleation expression predicted an unstable steady 
state. (See Figure 5.) After we had waited for any system 
transients to decay, data were taken at periodic time 
intervals. The results, as well as the predictions, are shown 
for a case where co = 0.304, brine/alcohol = 5, and 0 = 
1 hr. in Figure 10; for a case where co = 0.27, brine/ 
alcohol = 5, and 0 = 1 hr. in Figure 11; and for a case 
where co = 0.304, brine/alcohol = 6, and 0 = 0.75 hr. in 
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1 I I I I I I I L 
0 I 2 3 4 5 6 1  8 

T 
Fig. 8. Sensitivity of transient response; 

a): = 0.985, g = 0.827, b/g = 9.2, e from 1/4 to 1/12 
b); = 0.982, g = 0.945, b/g = 10.79, 0 from 1/4 to 1/12 
c): = 0.985, 'g = 0.739, b/g = 7.77, 0 from 1/4 to 1/12 

~ 

4 5 6 7  8 

T 
Fig, 9. Sensitivity of transient response; 

I 2 3  

a)T= 0.985, g = 0.827, b/g = 9.2, 0 from 1/4 to 1/12 
b)y= 0.982, g = 0.945, b/g 1 10.79, 8 from 1/4 to 1/12 
c)T= 0.985, g = 0.739, b/g = 7.77, 0 from 1/4 to 1/12 

Figure 12. These graphs indicate that the period of the 
oscillation is about five times greater than the retention 
time, which is a behavior similar to that observed by 
Miller and Saeman ( 1947) for industrial crystallizers. 

Even though the process parameters do not correspond 
to typical industrial operating conditions (the value of g 
was less than 2 rather than greater than 10; see Sherwin, 
et al., 1967), it is interesting to note that the predicted 
and observed time-average weight of crystals (which is 
proportional to x3) produced by the oscillating crystallizer 
is greater than the sLeady state value, x3 = 1. Moreover, 
we see from Figures 5 and 10 through 12 that the further 
the design conditions are from the stability boundary, the 
greater will be the improvement in crystal yield. The mag- 
nitude of the observed improvement was in the range of 5 
to 15%. N o  attempt was made to find the operating condi- 
tions that would maximize this shift in the time-average 
operation, or to see whether there may be any unexpected 
limitations to periodic operation as the parameters are 
changed to increase the amount of instability in the 
system. 

4 

3 

2 
X O  

0 

numerical 
o experimental 

01- 

1.7 /- 

x 2  

1.3 
0 

Y 

0 . 5 k l  I I I I I I I 

1 2 3 4 5 6 7 8 9  

T 
Fig. 10. Periodic operation, run 5. 

Similarly, no attempt was made to determine the kinetic 
parameters that would provide the best fit for the three 
kinds of data, and the analytical solutions described in 
Part I were not used to estimate the crystallizer behavior. 
The best set of kinetic constants can be found in a straight- 
forward f d i i o n  by use of conventional statistical tech- 
niques, but the additional effort did not seem to be war- 
ranted for the system under study. The analytical solu- 
tions are also straightforward, although tedious, and so 
few oscillatory runs were made that it was simpler to 
solve the nonlinear equations numerically. 
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Fig. 11. Periodic operation, run 6. 

DISCUSSION OF RESULTS 

As the periodic operation described in this paper corre- 
sponds to the lower end of a high-order instability, in the 
terminology of Randolph and Larson ( 1971), the oscilla- 
tions occur around the MSMPR exponential population 
distribution. Recently Randolph ( 1974) designed a crys- 
tallizer to oscillate at the high end of a low-order instabil- 
ity, which is a region of greater significance from a com- 
mercial viewpoint. It should be possible to use the ana- 
lytical tools discussed in Part I to analyze Randolph's sys- 
tem, although no attempt has been made to do this as yet. 

The experimental value of the exponent on the power- 
law model agrees very well with the results of Timm and 
Larson (1968) but is significantly different from the ob- 
servation of Koros, et al. (1972). Very low suspension 
densities were maintained in the current study, z > 0.98, 
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and so it appears as if a value of m - 8 corresponds to 
primary nucleation, whereas the lower value obtained by 
Koros is influenced by secondary nucleation effects. (Also 
see Abegg, e t  al., 1968.) In this range of low suspension 
densities, we  also found that Volmer’s model for nuclea- 
tion kinetics provided a better means of extrapolating the 
behavior of a crystallizer from one type of operating con- 
ditions to another, that is, from stable, steady state opera- 
tion to transient conditions to oscillatory operation, than 
did the power law model. 
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NOTATION 

B = nucleation rate 
b/g = 2 1 < 3 / [ ( Z / c s )  - 112 
c = solute concentration 
co = feed concentration 
cm = metastable concentration 
c, = saturation concentration 
G = growth rate 

g 
K3, &, K5, Kn = kinetic constants 

- - -  = ( c o  - C ) / € ( C  - c , )  

L =  
m =  
mi = 
n =  

no = 
Ro = 
t =  
v =  
w =  
xj = 
Y =  
€ =  

e =  
r =  
overbar 

crystal size 
exponent in  power law model 
jt” moment 
fraction of crystals having a size between L and 
L + dL per unit volume 
number of crystals of zero size per  unit volume 

time 
crystallizer volume 
feed rate 
mi/Zj 
( c  - C , ) / ( C  - c,)  
fractional volume which is liquid phase 
V/W = drawdown time 
t / B  
= sleady state value 

(1 - E)/4 

prime = deviation from steady state 
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APPENDIX: USE OF A POWER-LAW, 
NUCLEATION MODEL 

Larson has suggested replacing the metastable concentration 
cm in Mier’s model for nucleation kinetics 

by the saturation concentration c,. Thus, he proposes the ex- 
pression 

This relationship can be combined with the growth rate equa- 
tion, Equation (1) in Part I, to obtain 

B = K B G ~  (A3) 
Moreover, from the steady state solution for the particle size 
distribution, the first expression in Equation (9)  in Part I, we 
see that the number of nuclei, that is, the number of particles 
at zero size, is 

(-42) B = K5(  c - ~ , ) m  

Thus, from a log-log plot of no vs. based on steady state 
experiments, we can determine the kinetic parameters K B  and 
m. We expect that this approximation will be valid when 
cm - c,  is very small compared to c - cs, which would cor- 
respond to the precipitation of highly insoluble compounds. 

The moment equations, given by Equations ( 6 )  in Part I, 
are unchanged, except that we use Equation (A2) for B in 
the first expression, rather than Equation ( 2 )  in Part I. Simi- 
larly, only the first relationship in Equations (8)  in Part I is 
changed, and this becomes 

dxo - = (f - R0x3) ym - xo 
d t  

With this modification, the first expression in Equation (10) 
in Part I becomes 

dx,’ - = -x,,’ - Rox3’ - my‘ at 
The characteristic equation given by Equation (11) in Part I 
is not affected, but the definition of a4 in Equation (12) be- 
comes 

a4 = 1 + 3g + gm + Ro (-47) 

Thus, the stability characteristics must be the same as we had 
before, except that we replace the parameter b by gm, or we 
let 

m = b/g (A8) 
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